We use a thermal model with single freeze-out to determine longitudinal polarization of Λ hyperons emitted from a hot and rotating hadronic medium. We consider the top RHIC energy and use the model parameters determined in the previous analyses of particle spectra and elliptic flow. Using a direct connection between the spin polarization tensor and thermal vorticity, we reproduce earlier results which indicate a quadrupole structure of the longitudinal component of the polarization three-vector with an opposite sign compared to that found in the experiment. We further use only the spatial components of the thermal vorticity in the laboratory system to define polarization and show that this leads to the correct sign and magnitude of the quadrupole structure. This procedure resembles a non-relativistic connection between the polarization three-vector and vorticity employed in other works. In general, our results bring further evidence that the spin polarization dynamics in heavy-ion collisions may be not directly related to the thermal vorticity.
I. INTRODUCTION
Non-central heavy-ion collisions at the relativistic beam energies bring large orbital angular momentum into produced systems. A non-negligible part of such an angular momentum can be further transformed from the initial purely orbital form into the spin part. The latter can be naturally revealed in the spin polarization of emitted particles [1, 2] .
Indeed, the spin polarization of Λ andΛ hyperons has been measured recently by the STAR Collaboration at RHIC [3, 4] . The result indicates global spin polarization along the direction perpendicular to the reaction plane, which suggests possible connections to the Einstein -de Haas and Barnett effects [5, 6] .
The experimental results on the global polarization can be successfully explained by the hydrodynamic models [7] . The basic quantity giving rise to spin polarization in this case is thermal vorticity µν defined by the expression µν = − 1 2 (∂ µ β ν − ∂ ν β µ ), where β µ is the ratio of the flow velocity u µ to local temperature T , β µ = u µ /T [8, 9] . The general physics situation is obscured, however, by the fact that the theoretically predicted longitudinal polarization of Λ's [10] has opposite dependence on the azimuthal angle of the emitted particles, as compared to the experimentally found values [11] .
For our further considerations, it is useful to notice that most of the theoretical frameworks used to describe spin polarization deal with particles at freeze-out [12, 13] . This is natural in the approaches that directly connect spin polarization with the "vortical" properties of the fluid [7, 14, 15] . In such a scenario, the spin polarization tensor ω µν follows immediately the space-time changes of the thermal vorticity µν , hence, it is enough to consider the two quantities at freeze-out.
In order to get more insight into the role played by the thermal vorticity at freeze-out, in this work we use one of the versions of the thermal models to analyze the origin of the final longitudinal spin polarization. Thermal models describe very well last stages of heavy-ion collisions (for example, see Refs. [16] [17] [18] [19] [20] ), therefore, they seem to be a natural framework to study the spin polarization of the emitted hadrons such as the Λ hyperons. Herein, we use the single freeze-out (SF) model [21] which neglects hadronic rescattering in the final state. This model was very successfully used in the past to describe various features of soft hadron production. In particular, it was used for Au+Au collisions at the beam energy √ s NN = 200 GeV, where the data describing longitudinal spin polarization are now available.
Consequently, in this work we do not have to introduce any new parameters -we rely on the previous estimates.
Our first results reported below, based on the tight connection of the spin polarization tensor ω µν with the thermal vorticity µν , confirm that the longitudinal spin polarization has a quadrupole structure with an opposite sign compared to the measured signal. To study the spin polarization effects in more detail we explore yet another case, where the spin polarization tensor is not directly related to the thermal vorticity.
The idea that the spin polarization tensor can evolve independently from the thermal vorticity was put forward first in Ref. [22] and developed in Refs. [23] [24] [25] [26] (for a recent review see Ref. [27] and for related works see Refs. [28, 29] ). In the perfect-fluid approach to hydrodynamics with spin, proposed in Ref. [22] , the space-time evolution of the spin polarization tensor is determined by the conservation law for the total angular momentum (we note that for particles with spin this conservation law takes a non-trivial form). An example of such an evolution, in the case of a simple one-dimensional and boost-invariant expansion, has been analyzed recently in Ref. [30] .
The model used in this work is also boost-invariant but includes a non-trivial transverse hydrodynamic expansion that leads to vortical structures in the transverse plane that, in turn, can induce the longitudinal spin polarization at midrapidity, if a certain type of relation between vorticity and spin polarization is assumed. However, due to the assumed boost invariance, the present approach yields zero polarization in the transverse direction at midrapidity.
Besides the case where the spin polarization tensor is directly defined in terms of the thermal vorticity, ω µν = µν , we also consider the case where only the spatial components of the thermal vorticity in the laboratory (LAB) frame are taken into account. In the latter case, dubbed below as the case with the projected thermal vorticity, we assume that
(1, 0, 0, 0) and the metric tensor is chosen as g µν = diag(+1, −1, −1, −1). Such a relation is similar to the non-relativistic treatment of the polarization-vorticity coupling, which is able to correctly describe the sign of the longitudinal polarization [31] . Indeed, it turns out that with the choice ω µν = αβ ∆ α µ ∆ β ν one can describe the quadrupole structure of the longitudinal polarization with the correct sign.
As a consequence, our results give further evidence that the dynamics of spin polarization may be decoupled from the space-time behavior of the thermal vorticity.
Notation and conventions:
The scalar product of two four-vectors a µ and b µ is denoted
where bold font is used to represent three-vectors.
The convention 0123 = − 0123 = +1 is used for the Levi-Civita tensor µνρσ . Any dual tensor which is obtained by contraction of a rank-two antisymmetric tensor with the Levi-Civita tensor and dividing by a factor of two is represented by a symbol tilde over it. Natural units h = c = k B = 1 are used throughout the text.
II. SINGLE FREEZE-OUT MODEL A. General concept
In the thermal SF model one assumes that the chemical and thermal freeze-outs coincide, Besides the ratios of hadronic yields, the assumption about the single freeze-out allows us to directly calculate hadronic spectra -provided one knows the hydrodynamic flow of matter on the freeze-out hypersurface, u µ , as well as the space-time geometry of the freezeout hypersurface. As a matter of fact, the form of the flow can be treated as a model input, to be determined from the analyses of the spectra of various particles. We note that for boost-invariant systems, one fits only the transverse-momentum spectra.
In its original formulation, aiming at the description of heavy-ion collisions at very high energies, the SF model has four parameters: two thermodynamic ones and two geometric ones. The two thermodynamic parameters, temperature T and baryon chemical potential µ B , are fitted from the ratios of hadronic abundances. The two geometric parameters, τ f and r max , characterize the freeze-out hypersurface and the hydrodynamic flow. The freeze-out hypersurface is defined by the conditions:
The hydrodynamic flow has the Hubble-like form u µ = x µ /τ .
B. Asymmetry in transverse plane
In order to include the phenomena such as an elliptic flow, the original version of the SF model was extended to include the elliptic deformations of both the emission region in the transverse plane and of the transverse flow [32] . This was achieved by using the following parametrization of the boundary region in the transverse plane,
Here φ is the azimuthal angle, while r max and are the model parameters. With > 0 the system formed in the collisions is elongated in the y direction, i.e., out of the reaction plane (resembling a characteristic almond shape).
The asymmetric flow profile is accordingly defined by the formulas
where δ is a parameter accounting for the transverse flow anisotropy.
For δ > 0, there is more flow in the reaction plane, an effect that can be identified as the elliptic flow. Using the normalization condition u µ u µ = 1, one can determine the normalization factor in Eq. (2),
where τ is the proper time
The parameters and δ are two additional parameters needed to describe non-trivial dynamics in the transverse plane in the case of non-central collisions. We note that all our parametrizations hold in the LAB frame which can be identified with the center-of-mass frame of the colliding nuclei.
The explicit form of the flow, allows us to calculate the thermal vorticity at freeze-out,
Using the fact that temperature is kept constant on the freeze-out hypersurface, we obtain all the components of µν , namely:
It is important to emphasize here that in realistic hydrodynamic calculations one determines the full, space-time dependence of the temperature field, hence, one can calculate the temperature gradients on the freeze-out hypersurface. In other words, if we know the function T (t, x, y, z) it is possible to calculate first its gradients and then use the values of such gradients at the points corresponding to the freeze-out points. In the thermal-model used here, no dependence of T on space-time coordinates is known, hence, no gradients of T can appear. As a consequence, our thermal vorticity expression is reduced to the standard vorticity divided by a constant factor of 2T .
In the following, we assume that freeze-out takes place at a constant value of the proper time, i.e., at τ = τ f . In this case a three-dimensional element of the freeze-out hypersurface, ∆Σ λ , is given by the formula
where
Here η = ln [(t + z)/(t − z)] is the space-time rapidity. One can easily notice that
In the form defined above, the SF model has altogether six parameters: T = T f (freezeout temperature), µ B , r max , τ f , and δ. The first two are determined solely by the ratios of hadronic yields. The remaining four should be obtained from the fits of the hadron spectra and elliptic flow. The analyses of this type were performed in the past and the resulting values of the parameters describing various reactions studied in different centrality bins can be found in [33] .
III. SPIN POLARIZATION OF PARTICLES
A. Pauli-Lubański (PL) four-vector
The mean spin polarization of particles can be directly obtained from the Pauli-Lubański (PL) vector. The latter is first calculated in the LAB frame for particles that are produced on the freeze-out hypersurface with momentum p. Subsequently, it is boosted to the rest frame of those particles. In this frame, the PL vector has only space-like components. We divide them by the number of particles with momentum p to get the mean polarization.
The mean spin polarization is a three-vector whose components depend on the momenta of particles. At midrapidity, the longitudinal polarization can be studied as a function of transverse-momentum components p x and p y .
The phase-space density of the PL four-vector Π µ is given by the expression [23]
The particle four-momentum p λ can be parametrized in terms of the transverse momentum p T = p 2 x + p 2 y , rapidity y p , and the azimuthal angle φ p ,
Here m T = m 2 + p 2 T is the transverse mass while m is the mass of the particle. The expression dS λ,να (9) denotes the phase-space density of the spin tensor obtained in the GLW kinetic theory framework (de Groot, van Leeuwen, van Weert [34] ).
It is given by the formula [25, 34] 
where ξ is the ratio of the (baryon) chemical potential and the temperature, ξ = µ B /T .
Using Eq. (11) in Eq. (9) and integrating over the freeze-out hypersurface, we can define the total value of the PL four-vector for particles with momentum p,
Now at the freeze-out, we can write
In the above expression R 1 and R 2 are given by,
where, T f is the freeze-out temperature and N f = τ 2 f − (x 2 − y 2 ) δ. In the similar way, we can also write,
B. Spin polarization defined by thermal vorticity
In this section we assume that thermal vorticity is equal to spin polarization. In this case, the contraction of the dual polarization tensor and four-momentum can be written in a compact form as
where we defined the following auxiliary functions:
Now using Eqs. (13), (15) and (17) in Eq. (12), the total PL vector can be expressed as
Here K n 's are the modified Bessel functions of the second kind.
C. The mean PL four-vector
The mean PL four-vector is defined as a ratio of the total PL vector (19) and the momentum density of all particles (i.e., of both particles and antiparticles)
Here we can use the formula [30] 
Substituting Eqs. (13) and (15) into Eq. (22) we can get
The mean PL four-vector π µ in the particle rest frame can be obtained by using the canonical boost [35] 
where α p = 1/(m(E p + m)). In this way we find
It can be easily shown that
D. The case with projected thermal vorticity
In order to check how the polarization effects may depend on the coupling between the spin polarization tensor and the thermal vorticity, we consider herein also the case where the spin polarization tensor is defined by the expression ω µν = αβ ∆ 
Using Eqs. (13), (15) and (28) in Eq. (12), the total PL vector can be expressed as [36] .
Using Eqs. (23) and (29) in Eq. (21), we can calculate the mean PL four-vector. Then, by boosting the mean polarization to the particle rest frame, we find the following formula for the mean longitudinal component of the PL four-vector
This expression is used in our numerical calculations presented below.
IV. RESULTS AND DISCUSSIONS
In this section we present our numerical results for the longitudinal component of the mean PL four-vector, which describes the longitudinal spin polarization of Λ-hyperon (m = 1.116 GeV). The model parameters used in the calculations are given in Table I . They were fitted before to describe the PHENIX data at the beam energy √ s N N = 130 GeV [36] , for the three centrality classes: c=0-15%, c=15-30%, and c=30-60% at freeze-out temperature
Our results presented in Figs. 1-3 (corresponding to the analyzed three centrality classes)
show a quadrupole structure of the longitudinal polarization, whose sign depends on the choice of the definition of the spin polarization tensor ω µν . In the case where the spin polarization tensor is equal to the thermal vorticity, panels (a), we obtain an opposite sign compared to that found in the experiment. We note that a similar discrepancy was obtained in the earlier hydrodynamic calculations which used the relation ω µν = µν . On the contrary, the use of the projected thermal vorticity in the definition of the spin polarization leads to the correct sign of the quadrupole structure, see panels (b). It is also interesting to note that the magnitude of the effect for the centrality class c=30-60% is similar to the observed one (see Fig. 6 in [11] , where the results for the centrality class c=10-60% are shown).
Our choice to use the projected thermal vorticity as a source of the spin polarization was motivated by the non-relativistic calculations which, in the natural way, use only the spatial components of the rotation ∂ i v j − ∂ j v i . Why this choice could be suitable for the description of the data remains a problem which can be possibly solved if the dynamic approaches describing the spin polarization in heavy-ion collisions are available.
